We describe the automorphisms group of the complex of asymptotically trivial pants decompositions of a sphere punctured along the standard Cantor set and in particular find that it is not rigid.
1 Definitions and statements
Motivation
Inspired by Royden's theorem on the holomorphic automorphisms of Teichmüller spaces Ivanov proved in [14] (subsequently completed by Korkmaz in [15] ) that the automorphism group of the complex of curves of most compact surfaces coincides with the extended mapping class group. This was the start-point of many results of similar nature, coming under the name of rigidity theorems. Margalit proved the rigidity (see [20] ) of pants complexes and further work extended this to even stronger rigidity theorem (see e.g. [1, 21, 19, 11, 12, 13, 16] for a non-exhaustive list).
The study of such automorphisms groups in the pro-finite or pro-unipotent categories seems fundamental in Grothendieck's program. For instance, although the pro-finite pants complexes are still rigid the automorphism group of the corresponding pro-finite curve complexes is a version of the Grothendieck-Teichmüller group ( [18] and references there).
Simpler versions of this general question concern the solenoids, whose study was started in [2] , and then infinite type surfaces corresponding to direct limits. The purpose of this article is to make progress in the second case using the formalism of asymptotically rigid homeomorphisms and braided Thompson groups developed in [9, 10] . A previous result in this direction is the rigidity theorem proved in [8] for an infinite type planar surface related to the Thompson group T (see [5] ).
In this note we will consider an infinite surface obtained from the sphere by deleting the standard Cantor set from the equator, whose corresponding asymptotically rigid mapping class group is an extension B (see [9] ) of the Thompson group V (see [5] ) by an infinite pure mapping class group, which is closely related to the braided Thompson groups considered by Brin ([3] ) and Dehornoy ([6, 7] ). The novelty in the present setting is the appearance of some non-rigidity phenomenon of the corresponding pants complexes, and the description of the automorphisms group as a mapping class group.
The surface S 0,∞
Let D 2 be the (hyperbolic) disc and suppose that its boundary ∂D 2 is parametrized by the unit interval (with endpoints identified). Let τ * denote the (dyadic) Farey triangulation of D 2 . This triangulation is given by the family of bi-infinite geodesics representing the standard dyadic intervals, i.e. the family of geodesics I n a joining the points p = a 2 n , q = a+1 2 n on ∂D 2 , where a, n are integers satisfying 0 ≤ a ≤ 2 n − 1. Let T 3 be the dual graph of τ * , which is an infinite (unrooted) trivalent tree. Let Σ be a closed δ-neighborhood of T 3 .
Let S 0,∞ be the infinite surface obtained from gluing two copies of Σ along its boundary. We assume in addition that the family of arcs coming from the two copies of τ * defines a collection of simple closed curves, denoted by E.
A pants decomposition of the surface S 0,∞ is a maximal collection of distinct homotopically nontrivial simple closed curves on S 0,∞ which are pairwise disjoint and non-isotopic. The complementary regions (which are 3-holed spheres) are called pair of pants. The collection of simple closed curves E is a pants decomposition of S 0,∞ . Subsequently, E will be called the standard pants decomposition of S 0,∞ . Definition 1. A prerigid structure is a countable collection of disjoint line segments properly embedded into S 0,∞ , such that the complement of their union in S 0,∞ has two connected components.
A rigid structure is the data consisting of a pants decomposition and a prerigid structure such that :
1. The traces of the prerigid structure on each pair of pants are made up of three connected components, called seams;
2. Each pair of boundary circles of a given pair of pants, there is exactly one seam joining the two circles.
We arbitrarily fix a prerigid structure associated to the standard pants decomposition E to obtain a rigid structure which is called the standard rigid structure of S 0,∞ . The complement in S 0,∞ of the union of lines of the canonical prerigid structure has two components: we distinguish one of them as the visible side of S 0,∞ . Remark that the visible side of S 0,∞ is homeomorphic to the initial surface Σ. 1.3 The mapping class group B Definition 2. A compact sub-surface Σ 0,n ⊂ S 0,∞ (of genus zero with n boundary components) is admissible if its boundary is contained in the standard pants decomposition E. The level of a compact sub-surface is the number n of its boundary components.
Definition 3. Let f be a homeomorphism of S 0,∞ . One says that f is rigid if it stabilizes the standard rigid structure, meaning that it maps the standard pants decomposition E into itself, the seams into the seams, the visible side into the visible side.
Further, f is quasi-rigid if it stabilizes the standard pants decomposition E.
Eventually, f is asymptotically rigid (resp. quasi-rigid) if there exists an admissible sub-surface Σ 0,n ⊂ S 0,∞ such that f (Σ 0,n ) is also admissible and the restriction of f on S 0,∞ \ Σ 0,n is rigid (resp. quasi-rigid).
We denote by B the group of orientation preserving isotopy classes of asymptotically rigid homeomorphisms of S 0,∞ , which was called in [9] the universal mapping class group of genus zero.
Thompson groups and B
There is a natural projection π : S 0,∞ → Σ such that the pullback of each arc of τ * is the set of closed curves of E. That lead us to define a bijection between the set of standard dyadic intervals and the set of closed curves of E.
{curves of E} ↔ {arcs of τ * } ↔ {standard dyadic intervals}
Recall that the Thompson group V is the group of right-continuous bijections of S 1 that map images of dyadic rational numbers to images of dyadic rational numbers, that are differentiable except at finitely many images of dyadic rational numbers, and such that, on each maximal interval on which the function is differentiable, the function is linear with derivative a power of 2.
The Thompson group T is the group of piecewise linear homeomorphisms of S 1 that map images of dyadic rational numbers to images of dyadic rational numbers, that are differentiable except at finitely many images of dyadic rational numbers and on intervals of differentiability on which the function is differentiable, the function is linear with derivative a power of 2.
For more details about Thompson groups, see [5] . Furthermore, we know that T can be viewed as an asymptotic mapping class group of the planar surface Σ.
Let K * ∞ be the an inductive limit n K * (3 × 2 n ) where K * (n) is the pure mapping class group of the n-holed sphere. We have the exact sequence ( [9] ) :
Moreover, we have the following result: Proposition 1 ( [9] ). The Thompson group T is the subgroup of elements of B which preserve the visible side of S 0,∞ .
Generators of B
The group B is generated by the twist t (see Fig 2) , the braid π (Fig 3 ) and the two generators α and β of T . For more details about the definition of these generators, see section 3 of [9] .
Some subgroups of B Proposition 2. The subgroup of B consisting of those mapping classes represented by rigid homeomorphisms is isomorphic to P SL 2 (Z).
Let Σ 0,n be a n-holed sphere embedded in S 0,∞ such that its boundary components lie in the standard decomposition E of S 0,∞ . Recall that the mapping class group M(Σ 0,n ) is the group of isotopy classes of homeomorphisms of Σ 0,n preserving the orientation. The elements of M(Σ 0,n ) are represented by homeomorphisms which can permute the boundary components of Σ 0,n . We can assume that they also preserve the trace of these boundary components on the visible side. Then there exists an embedding M(Σ 0,n ) → B obtained by extending rigidly a homeomorphism representing a mapping class of M(Σ 0,n ). We now define some mapping classes which are not represented by asymptotically rigid homeomorphisms.
These elements will generate the extended mapping class group B 1 2 .
The symmetry
Definition 4. Let i R be the isotopy class of the quasi-rigid homeomorphism acting as the symmetry on S 0,∞ which permute the visible side and the invisible side on each pair of pants of the standard decomposition E.
The half-twists
Let a, b, c three curves of the standard decomposition E bounding a pair of pants denoted by P . By cutting along each of these three curves, we define three infinite connected components of S 0,∞ respectively denoted by Note that each curve of the standard decomposition E is associated to a standard dyadic interval of the form I
2 n ] where k and n are integers such that 0 ≤ k ≤ 2 n − 1. Moreover, the standard dyadic intervals
and I n+1 2k+1 both define with I n k a pair of pants in E. Hence, each half-twist along a curve belonging in E is defined by a couple (k, n) ∈ N 2 such that 0 ≤ k ≤ 2 n − 1 and we will use the notation
ni − 1, the sequence (n i ) i∈N is non decreasing, so we can define the infinite product Remark that the braid and the twist are both generated by some half-twists. Indeed, a twist along a curve c is obtained by iterating twice a half-twist along the curve c. Moreover, a braid on a pair of pants bounded by three curves a, b, c comes from the composition of the half-twists along each of these three curves. Finally, note that a half-twist along any curve of S 0,∞ is conjugated to a half-twist along a curve of E by an element of B, since B acts transitively on simple closed curves of S 0,∞ . In short, we have the following relations, where f ∈ B :
2 is the group of isotopy classes of asymptotically quasi-rigid homeomorphisms of the surface S 0,∞ .
Since half-twists are quasi-rigid homeomorphisms of S 0,∞ , we see that B 1 2 contains B 1 2 as a subgroup. Also, we note that the symmetry i R is an element of B 1 2 and that i R is an infinite product of all half-twists around curves of E :
2 . Then there exists an admissible sub-surface S ⊂ S 0,∞ outside of which x stabilizes the decomposition E. We can assume S is bounded by a set of curves of type {I n0 j , 0 ≤ j ≤ 2 n0 − 1}, where n 0 ∈ N. Therefore, any element x ∈ B 1 2 can be written as an infinite product
2 quasi-rigidly acts outside S, (n i ) i≥1 is an eventually increasing (actually there are no more than 2 n occurences of n) sequence of natural numbers, 0 ≤ a i ≤ 2 ni − 1 and p i ∈ Z for all i ∈ N. Moreover, half-twists d I n i a i act as the identity in S. Hence, f commutes with
2 rigidly acts outside the admissible sub-surface bounded by the curves {I
We consider the product x · x ′ . Without loss of generality, we can assume that n ′ 0 ≤ n 0 . Even if f ′ is replaced by f ′ · g where g is an infinite product of half-twists, we can assume that n ′ 0 = n 0 . Therefore,
Consequently, the product of f by
) pi allows us to define any element of the group B 1 2 .
The complex of pants decompositions of S 0,∞
An asymptotically trivial pants decomposition of S 0,∞ is a pants decomposition which coincide with E outside an admissible sub-surface. We define a cellular complex whose vertex set is the set of asymptotically trivial pants decompositions.
Definition 7. Let F and F ′ be two asymptotically trivial pants decompositions of S 0,∞ . Let c be a curve of F . We say that F and F ′ differ by an elementary move along the curve c if F ′ is obtained from F by replacing c by another curve which intersects c twice and does not intersect the other curves of F . • The vertices are the asymptotically trivial pants decompositions of S 0,∞ ;
• The edges correspond to pairs of pants decomposition which differ by an elementary move ;
• The 2-cells are introduced to fill triangular cycles, square cycles and pentagonal cycles.
The main result
Our main result is as follows: Theorem 1. The asymptotic modular group B 1 2 is isomorphic to the group of automorphisms of C P (S 0,∞ ).
2 The complex of decompositions of S 0,∞
Geometric interpretation of 2-cells
We say that two curves of a pants decomposition F are adjacent if they bound the same pair of pants in F .
Proposition 3. Let F 1 , F 2 , F 3 be three vertices of C P (S 0,∞ ) such that for all i ∈ 1, 2, F i and F i+1 are joined by an edge in C P (S 0,∞ ). Then there exists a unique 2-cell in C P (S 0,∞ ) containing F 1 , F 2 , F 3 as vertices.
Proof. There are three possible cases : 2.2 Action of the mapping class group of the complex Lemma 1. The extended mapping class group B 1 2 acts by automorphisms on the complex C P (S 0,∞ ). This action is transitive on the set of vertices of C P (S 0,∞ ). Moreover, the natural map Ψ :
Proof. The first part of this result is a weak version of the Proposition 5.4 of [9] . We prove the injectivity part as follows. We take an element x ∈ B 1 2 and assume x is non trivial. We want to show that we can find a vertex F of C P (S 0,∞ ) such that x · F = F .
We first consider the special case where x ∈ B 1 2 . Let Σ 0,n be an admissible sub-surface of S 0,∞ such that n ≥ 5 and x preserves the rigid structure outside Σ 0,n . By a slight abuse of language we speak about the image of x(Σ 0,n ), where x is an isotopy class of a homeomorphism which is rigid on S 0,∞ − Σ 0,n , by letting it be the admissible sub-surface image of Σ 0,n by means of such a homeomorphism representing x.
is induced by a non trivial homeomorphism x of Σ 0,n . The injectivity part of the main theorem of [20] says that there exists a pants decomposition F n of Σ 0,n such that x · F n = F n . Let F be the decomposition of S 0,∞ which coincide with E outside Σ 0,n and with F n inside S 0,∞ . Then x · F = F . Now, we turn to the general case x ∈ B 1 2 , so that we can write: in the form
2 . If f is non trivial, the previous case leads to the conclusion. If f is trivial, then there exists i ∈ N such that p i = 0. Let F be a decomposition obtained from E by an elementary move applied on the curve c i . Then x · F = F .
3 The automorphism group of C P (S 0,∞ )
In this section, we introduce a graph whose vertices represent the neighbors of the vertex E in C P (S 0,∞ ). We will prove that the automorphism group of C P (S 0,∞ ) acts naturally on this graph. We first consider the following general result.
Lemma 2. Let φ and φ
′ be two automorphisms of C P (S 0,∞ ) such that for any decomposition F joined by an edge to E in C P (S 0,∞ ), we have φ(F ) = φ(F ′ ). Then φ = φ ′ .
Proof. The proof is based on the geometric characterization of the 2-cells of C P (S 0,∞ ). We denote by d the combinatorial distance on the 1-skeleton of C P (S 0,∞ ). We prove that φ(F ) = φ ′ (F ) for any vertex F of C P (S 0,∞ ), by induction on the distance between E and F . We have:
2. For any F at distance one from E, φ(F ) = φ ′ (F );
3. By the induction hypothesis, assume that φ and φ ′ coincide on the ball of center E and radius n in C P (S 0,∞ ), with n ≥ 2. Let G be any vertex at distance n + 1 of E. We consider a path p = E, H 1 , ..., H n−1 , H n , G of length n + 1 joining E to G. The vertices H n−1 , H n , G define a unique 2-cell of C P (S 0,∞ ). This 2-cell contains at least one fourth vertex G ′ at distance less than or equal to n from E. Indeed otherwise this 2-cell were triangular, so G would be at distance less or equal to n from E, contradicting our assumptions. Hence, φ(G) is necessary the vertex of the unique 2-cell of C P (S 0,∞ ) defined by φ(G ′ ), φ(H n−1 ), φ(H n ) which is joined by an edge to φ(G n ) and different from φ(G n−1 ). By uniqueness, φ(G) = φ ′ (G).
The link of a decomposition
For any vertex F of C P (S 0,∞ ), we define the link L(F ) to be a graph whose set of vertices consists of those vertices in C P (S 0,∞ ) which are adjacent to F . Then two vertices are connected within L(F ) by an (A)-edge when they lie in the same pentagonal 2-cell of C P (S 0,∞ ), and by a (B)-edge when they belong to the same triangular 2-cell in C P (S 0,∞ ). By the geometric interpretation of 2-cells in C P (S 0,∞ ), this bi-colored link graph is well defined. Let Σ 0,n be an n-holed sphere and F n a pants decomposition of Σ 0,n , viewed as vertex of the complex C P (Σ 0,n ). Then one defines the restricted link L S0,∞ (F n ) as above, but using only the neighbors in C P (Σ 0,n ). Now, for every vertex F of C P (S 0,∞ ) and any curve c in F , we denote by V c (F ) the subset of those vertices of L(F ) corresponding to the decompositions obtained by a single elementary move on c. Thus, the set of vertices of L(F ) is the disjoint union of all V c (F ), where c runs through the set of curves of F .
We obtain directly from the definitions the following lemma :
F preserves the (A)-and (B)-edge types.
In particular, this lemma says that any link L(F ) is isomorphic to L(E).
Structure of L(E)
We give a description of the graph L(E) based on the geometric characterization of 2-cells in C P (S 0,∞ ). 
Structure of V c (E)
Let c be any curve in E. We apply an elementary move on c such that the resulting curve c 0 has only one component in the visible side of S 0,∞ . Denote by F c0 the decomposition obtained from E by this elementary move.
Any other curve intersecting c twice and which is disjoint from the other curves in E could be obtained from c 0 by applying k half-twists along c, where k is some non-zero integer. We denote by c k the curve obtained from k half-twists along c on c 0 and F c k the resulting decomposition of S 0,∞ . Then we can identify:
Furthermore, F c k and F cm are joined by an edge (which is necessarily of B-type) if and only if |k − m| = 1.
We remark that a vertex in V c (E) represents a homotopy class of a non-trivial curve in Σ 0,4 and that two vertices in V c (E) are joined by an edge if the associated curves on Σ 0,4 have geometric intersection equal to 2. Hence, we can view V c (E) as a subgraph of the curve complex of Σ 0,4 , the latter being isomorphic to the Farey triangulation τ * .
Structure of L
There is a bijection between the set of vertices of L ′ is among the set of curves in E. We distinguish four cases in the description of the action on V c ′ (E), according to whether c ′ is adjacent to one of the curves a, b, c or not :
Action of half-twists on the links
1. As the half-twist d permutes the curves a and b, d sends V a (E) on V b (E) and V b (E) on V a (E). This action is given by the map 00  00  00 00  11  11  11 11  000  000  000 000  111  111  111 111 00 00 00 00 00 11 11 11 11 11 0000000000 1111111111 00000 00000 00000 00000 00000 00000 00000 00000 00000 00000 00000 00000 00000 00000 00000 00000 
The mapping class t preserves the visible face of S 0,∞ from the Proposition 1. For any k ∈ Z, we have then t * ,F (F c k ) = F c ′ k .
Characterization of automorphisms of L(E)
We deduce some conditions for an isomorphism L(E) → L(E) to be induced by an element of B 1 2 .
Lemma 4. Let f ∈ B 1 2 such that φ(E) = E, where φ = Ψ(f ) ∈ Aut(C P (S 0,∞ ) ). Let c be a curve in E and c ′ be the curve of E such that φ(V c (E)) = V c ′ (E). Then there exists p ∈ Z and j ∈ {0, 1} such that for all k ∈ Z, we have φ(
.
Furthermore, if a, b are two curves adjacent to c, φ preserves the orientation of the triangle of vertices
Proof. The map µ c : B
for all k ∈ Z is a group homomorphism. From section 3.5, we have µ c (t) = id Z for any t ∈ T . From section 3.4 if d is a half-twist, there are only three possibilities : µ c (d) is either the identity id Z , or the translation k → k + 1, or the symmetry k → −k.
Since any element of B 1 2 is a product of an element of T along with infinitely many half-twists accumulating at infinity, this morphism has the claimed form. Let D denote the abelian group generated by half-twists along curves that belong to E and D its completion, namely the possibly infinite products of half-twists accumulating at infinity. . This means (see for instance [4] ) that the action of f ′ on the curves of E is given by a product of transpositions. We deduce that f ′ is a product of half-twists from E, so that f is an element of D.
Lemma 6. Let f ∈ B 1 2 such that φ(E) = E, where φ = Ψ(f ) ∈ Aut(C P (S 0,∞ )). Assume that there exists a triangle with vertices
Proof. We apply Lemma 5 to find that f is a product (maybe infinite) of half-twists. Since the triangle
is invariant, there is at most one half-twist in f which acts non trivially on V a (E). The knowledge of the action of a half-twist on the link and Lemma 4 lead to the conclusion.
Compact sub-surfaces
Observe first, that for all n ≥ 5 and any admissible sub-surface Σ 0,n of S 0,∞ the inclusion Σ 0,n ⊂ S 0,∞ induces an embedding of C P (Σ 0,n ) into C P (S 0,∞ ). In this section, we will show that, for any automorphism φ of C P (S 0,∞ ) there exists n ≥ 5, the admissible sub-surfaces Σ 0,n and Σ ′ 0,n of S 0,∞ and an induced isomorphism between the pants complexes φ n : C P (Σ 0,n ) → C P (Σ ′ 0,n ), in the sense that the restriction of φ to the sub-complex C P (Σ 0,n ) ⊂ C P (S 0,∞ ) coincides with φ n .
Definition of the induced isomorphism
Let φ be an automorphism of C P (S 0,∞ ) and set F = φ(E). There exists an admissible sub-surface Σ 
, where c belongs to some finite subset E n of curves of E. Since W also spans a connected subtree of L A S0,∞ (F ), the curves of E n form a pants decomposition of a connected admissible sub-surface Σ 0,n of S 0,∞ .
Definition of φ n on the vertices of C P (Σ 0,n ) For any asymptotically trivial pants decomposition G of S 0,∞ , we denote by G n the trace of G on the surface Σ 0,n . Let G ′ be a pants decomposition of Σ 0,n . Let G be the asymptotically trivial pants decomposition of S 0,∞ such that G ′ = G n and G ′ is trivial (i.e. coincides with E) outside Σ 0,n . We define φ n (G ′ ) = φ(G) n , namely the trace of φ(G) on Σ ′ 0,n . From the definition of Σ 0,n , φ n (G ′ ) coincide with the canonical decomposition E outside Σ ′ 0,n . We will show that the map φ n defined from the set of vertices of C P (Σ 0,n ) to the set of vertices of C P (Σ 0,n ) defines an isomorphism preserving the cellular complex structure.
φ n preserves the cellular structure of the complex Let G be a decomposition adjacent to the canonical decomposition E in C P (S 0,∞ ). Assume that this decomposition is issued from an elementary move on a curve belonging to the interior of the sub-surface Σ 0,n . Then Σ 0,n contains a support of G. Moreover, by construction of Σ 0,n , φ(G) is issued from an elementary move in F on a curve of Σ ′ 0,n and induces an pants decomposition of Σ ′ 0,n . By induction, the image by φ of any decomposition G of S 0,∞ obtained by applying finitely many elementary moves on curves of Σ 0,n is a decomposition of S 0,∞ whose support is included in Σ ′ 0,n . In other words, φ(G) n is a well-defined vertex of C P (Σ ′ 0,n ). It remains to note that the pants decomposition of Σ ′ 0,n is obtained by finitely many elementary moves on the decomposition of Σ 0,n . Lemma 7. Let φ be an element of Aut(C P (S 0,∞ ) ). There exists n ≥ 5 and an element g ∈ B 1 2 such that φ and Ψ(g) ∈ Aut(C P (S 0,∞ )) coincide on the restriction of the link L(E) to vertices of C P (Σ 0,n ).
Proof. Let Σ 0,n be as above and L S0,∞ (E n ) be the restricted link on Σ 0,n . Let E ′ n denote the trace of the canonical decomposition on Σ ′ 0,n . The dual trees of E n and of E ′ n are not necessarily isomorphic, in general. Let ∂E n and ∂F ′ n denote the set of those curves in E n and F ′ n lying in the boundary of Σ 0,n and Σ ′ 0,n , respectively. The map φ * at the level of L A S0,∞ (E) induced an isomorphism between the dual trees of E n and F ′ n , sending therefore leaves onto leaves and thus ∂E n onto ∂F ′ n . We can choose then a homotopy class of a homeomorphism f sending Σ 0,n on Σ ′ 0,n such that the restriction of f to ∂E n acts combinatorially as φ * . This homeomorphism induces an isomorphism between the pants complexes: f : C P (Σ 0,n ) → C P (Σ ′ 0,n ). By left-composing φ n by f −1 , we define an automorphism φ n,f of C P (Σ 0,n ). Now, Margalit's rigidity theorem ( [20] ) states that there exists an element F n,f of the extended mapping class group of Σ 0,n whose action on C P (Σ 0,n ) is the automorphism φ n,f .
We now consider the map f • F n,f : Σ 0,n → Σ ′ 0,n and extend it rigidly to the surface S 0,∞ . Let g n,f be the asymptotically rigid mapping class of S 0,∞ resulting from this extension. By construction, Ψ(g n,f ) coincides with φ on the restricted link L S0,∞ (E n ). Thus, we have an automorphism φ ′ = φ•Ψ(g −1 n,f ) fixing the canonical decomposition E which coincides with the identity on L S0,∞ (E n ).
Extension of the isomorphisms of the link
Lemma 7 allows us to generalize some local characterizations described in section 3.6 to all automorphisms of C P (S 0,∞ ). More precisely, we have the following result :
Lemma 8. Let φ ∈ Aut(C P (S 0,∞ )) such that φ(E) = E and there exists a triangle V a (E), V a ′ (E), V a ′′ (E) of L A S0,∞ (E) preserved by φ. Then there exist p, p ′ , p ′′ ∈ Z such that for any k ∈ Z, µ a (f )(k) = k + p, µ a ′ (f )(k) = (−1)
Proof. From Lemma 7, there is an element f ∈ B 1 2 such that the automorphisms Ψ(f ) and φ coincide on the restricted link L S0,∞ (E n ) containing V a (E), V a ′ (E), V a ′′ (E). Thus, the properties valid for Ψ(f ) which were given in Lemma 6 are also valid for φ.
Proof of the theorem
Let φ be an automorphism of C P (S 0,∞ ). We shall construct an element of B 1 2 which acts as φ on C P (S 0,∞ ).
Let F = φ(E). According to Lemma 7,  there is an element g of B 1 2 which is rigid outside an admissible sub-surface Σ 0,n of S 0,∞ , such that φ(E) coincide with E outside g(Σ 0,n ). Moreover, the automorphisms φ and Ψ(g) coincide on the restricted link L S0,∞ (E n ) on Σ 0,n .
We now consider the automorphism φ • Ψ(g −1 ). Let a be a boundary component of Σ 0,n (a is then a curve of E) and P be a pair of pants of S 0,∞ such that P ∩Σ 0,n = a. Then P has three boundary components a, a ′ , a ′′ defining a triangle V a (E), V a ′ (E), V a ′′ (E) in L A S0,∞ (E). According to Lemma 8, there exist p, p ′ , p ′′ ∈ Z such that for any k ∈ Z, µ a (φ)(k) = k + p , µ a ′ (φ)(k) = (−1) p (k + p ′ ), µ a ′′ (φ)(k) = (−1) p (k + p ′′ ). Let d be the half-twist acting on P along the curve a. Let g ′ = d p • g. Due to the description of the action of an half-twist on the link, we know that φ and Ψ(g ′ ) coincide on L S0,∞ (E n ) ∪ {V a ′ (E)} ∪ {V a ′′ (E)}.
By induction, by left-composing g by some well chosen half-twists, we construct an element f ∈ B 1 2 such that both automorphisms Ψ(d • g n,f ) and φ coincide on all vertices adjacent to E in C P (S 0,∞ ). That means that these automorphisms are the same by Lemma 2. Then we obtain that Ψ is onto.
